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Our Algorithm

The polar decomposition expresses a linear transformation as a composition
of rotation and anisotropic scaling (or stretch). It serves as a fundamental tool
[6] in animation and deformation techniques such as ARAP [1], Shape
matching [4], Poisson mesh editing [6] and so on. In this poster we propose a
new algorithm which computes the polar decomposition for 3x3 matrices
with positive determinants. Our algorithm is faster than existing methods in
some cases.

Polar Decomposition
• For a 3x3 matrix 𝐴, there is a unique factorization
𝐴 = 𝑅𝑆 (𝑅: rotation, 𝑆: symmetric) .
This is called the polar decomposition of 𝐴.
• 𝑅 is shown to be the “closest” rotation to 𝐴.

• 𝐵 = 𝐴𝑇 𝐴
𝐶 = log 𝐵
𝑆 = exp 𝐶 2 , 𝑅 = 𝐴 exp − 𝐶 2
• Note that there are quadratic formulae to compute log and exp using spectral
decomposition. This involves computation of trigonometric functions, exponentials
and logarithms of real numbers.
• An implementation is available in [3].

Discussion and Conclusion

Interpolation of linear transformation

We did timing comparison for the four different methods; SVD, diagonalization,
Higham’s, and ours in different environments.
In general, we observed that the performance was

A most typical scenario is :
Given linear transformations 𝐴0 and 𝐴1 , compute their interpolation.
This is achieved by
As-Rigid-As-Possible Shape Interpolation
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diagonalization ≒ ours > Higham’s > SVD .

Remarks
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This is used in ARAP [1].

• Since our matrix is three dimensional, eigenvalues and eigenvectors can be
calculated by a closed formula, which does not extend to higher dimensional
matrices. If we use QR algorithm, the performance comparison becomes
diagonalization ≒ ours ≒ Higham’s > SVD .
.

Figure 1: The Statue of Liberty becomes the Christ statue on the Corcovado.

In Poisson mesh editing
The polar decomposition is also used in
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tions. Given a boundary vertex correspondence, the source and tartaking examples in ﬁlm and television. In most cases, these morphget shapes are decomposed into isomorphic simplicial complexes.
For the simplicial complexes, we ﬁnd a closed-form expression allocating the paths of both boundary and interior vertices from source
to target locations as a function of time. Key points are the identiﬁcation of the optimal simplex morphing and the appropriate deﬁnition of an error functional whose minimization deﬁnes the paths of
the vertices. Each pair of corresponding simplices deﬁnes an afﬁne
transformation, which is factored into a rotation and a stretching
transformation. These local transformations are naturally interpolated over time and serve as the basis for composing a global coherent least-distorting transformation.
CR Categories:
I.3.3 [Computer Graphics]: Picture/Image
Generation—Display algorithms; I.3.5 [Computer Graphics]: Computational Geometry and Object Modeling—Curve, surface, solid,
and object representations; I.3.7 [Computer Graphics]: ThreeDimensional Graphics and Realism—Animation; I.4.7 [Image
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Existing algorithm

Keywords: shape blending, vertex path problem, compatible triangulation

ing effects are generated using image-based techniques [3, 21, 30]
where the geometry of the source and target object are somewhat
similar, or the process requires extensive user labor. A primary challenge in this area is to devise algorithms to blend two given objects of signiﬁcantly different shape, with minimal user interaction,
so that the in-between objects retain their original appearance and
properties as much as possible. The morph example in Figure 1 is
difﬁcult to achieve with an image-based technique, because foreground and background behave differently.
Object-space morphing treats explicit representations of the objects [14, 20] instead of discretizations of space (images, volumes).
Assuming the objects are either polygons (in 2D) or polyhedra (in
3D), the morphing process consists of generating a correspondence
between the geometric features of the representation, known as the
vertex correspondence problem [23, 19, 6, 18, 14, 1, 20], and then
interpolating the positions of the boundary representations along
predetermined paths, known as the vertex path problem [24, 25, 13,
8].
Most of the cited object-space morphing techniques are concerned with the correspondence problem while simply linearly interpolating the corresponding vertices, not taking into account that
the blended shapes are implicitly representing meta-physical entities. Generally speaking, aesthetic and intuitive shape blending
should aim at treating the objects as rigidly as possible and avoid
superﬂuous global or local deformations. In [24], Sederberg intro-

SVD (Singular Value Decomposition)

• Compute the singular value decomposition of 𝐴:
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Diagonalization

Suggested in [1]
and others.
SVD is expensive.

Figure 2: Morph sequence of Haring-like ﬁgures showing their
homeomorphic dissections

• 𝐵 = 𝐴𝑇 𝐴
• Compute diagonalization of 𝐵 = 𝑈𝐷𝑈 𝑇 .
157
𝑇
−1
• 𝑆 = 𝑈 𝐷𝑈 , 𝑅 = 𝐴 𝑆

Higham’s algorithm [2]
Input: 𝐴, small number 𝜀 > 0

Output: 𝑅, 𝑆

𝐶 ←𝐴
do {
𝐷 ← 𝐶 −1 𝑇
𝑐 ← 𝐶 1 𝐶 ∞
𝑑 ← 𝐷 1 𝐷 ∞
4
𝛾 ← 𝑑 𝑐
𝑃 ←𝐶
𝐶 ← 0.5 𝛾 𝐶 + (0.5 𝛾) 𝐷
} while ( 𝐶 − 𝑃 1 > 𝑃 1 𝜀 )
𝑅 ←𝐶
𝑆 ← 𝐶𝑇𝐴

Most popular in CG [5].
Involves only matrix multiplication
and inverse but needs iteration.

• Our algorithm involves computation of exponential and logarithm of real
numbers. The computational cost depends heavily on the library for those
functions.
• Both diagonalization and our method may have numerical problem with nearsingular matrices.

Suggestion
• If there is a possibility of near-singular matrices in your problem, use Higham’s.
• If your system does not provide a good maths library, use diagonalisation.
• Otherwise, try our method!
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